Estimating the cosmic-ray acceleration efficiency in supernova remnants (SNRs) through observations is a challenging task in general. Based on the Rankine-Hugoniot shock conditions, we find an anticorrelation between and the power-law spectral index α of relativistic particle distribution produced via diffusive particle acceleration by nonrelativistic shocks, implying more efficient acceleration in older SNRs with harder radio spectra. Then may be estimated from some hard radio spectral index measurements. Assuming the particle distribution in downstream of strong shocks to be a nonrelativistic Maxwellian plus a relativistic power law with a high-energy cutoff, we also find that the injection rate for relativistic particles η needs to 10 −6 for a prominent decrease of the adiabatic index in SNRs, which implies higher compression ratio and lower values of α. This threshold of η increases with the shock speed u 1 , which may explain the relatively harder radio spectra of older SNRs with lower u 1 . We show that η and/or the relativistic cutoff momentum p m need to be low for old SNRs, and expect a gradual increase of as SNR evolves with gradually decreasing η and p m .
INTRODUCTION
Diffusive shock acceleration (DSA) is considered the primary mechanism of astrophysical particle acceleration. This mechanism can easily achieve a power-law distribution of accelerated particles in the momentum space, and is widely used to explain nonthermal distributions occurring in varieties of astrophysical environments, such as in solar flares and supernova remnants (SNRs). In this paper, we focus on global characteristics of strong nonrelativistic shocks without considering details of physical processes near the shock front.
In the test particle limit, the classical DSA theory (Drury 1983) shows that planar shocks produce a power-law steady-state distribution of energetic particles (with a speed much higher than the shock speed) in the momentum space in the downstream with the spectral index
where r = u 1 /u 2 is the shock compression ratio, u is the nonrelativistic fluid speed in the shock frame, subscripts 1 and 2 represent upstream and downstream, respectively. For a strong shock with nonrelativistic downstream gas, the adiabatic index γ 2 = 5/3, r = 4, thus α = 4. If the downstream gas becomes relativistic with E-mail: zhangyr@pmo.ac.cn † E-mail: liusm@pmo.ac.cn γ 2 < 5/3, r can be larger than 4 leading to an even harder particle distribution, which may contain enough energy to reduce γ 2 significantly. Therefore effects of accelerated particles on the global characteristics of the DSA may be obtained self-consistently without considering details of the particle acceleration processes near the shock front (Eichler 1981; Ellison & Eichler 1984; Ellison & Cassam-Chenaï 2005; Caprioli et al. 2010; Zirakashvili & Aharonian 2010) .
In the general self-consistent DSA theory (Ellison & Eichler 1985; Berezhko & Ellison 1999) , the shock structure is modified by accelerated particles streaming away from the shock front in the upstream leading to a precursor, where the flow speed gradually approaches u 1 away from the shock front. The details of these nonlinear effects depend on the poorly understood processes of particle injection to DSA at low energies and the energy dependence of the diffusion coefficient near the shock front. The steady-state nonthermal distribution is then modified to a concave spectral shape, because particles with higher energies usually diffuse farther and experience larger effective compression ratio than particles with lower energies leading to a spectral hardening toward high energies. The high-energy spectral index should approach α given by Equation (1) as the corresponding energetic particles may experience the whole shock structure. The dependence of α on the acceleration efficiency does not change significantly with properties of the shock precursor and is the focus of the current investigation.
The cosmic-ray (CR) acceleration efficiency is an essential c 0000 The Authors arXiv:1812.08395v1 [astro-ph.HE] 20 Dec 2018 parameter in the hypothesis that Galactic CRs (below the spectral "knee") originate mainly from SNRs, and an of a few tens of percent is needed to match the measured CR energy density (Helder et al. 2012) . However, the correlation between and α has not been explored since it is difficult to measure the spectral index of highenergy particle distribution, and GeV electrons producing the observed radio emission of SNRs are usually considered not energetic enough to experience the whole shock structure. Then the electron spectral index inferred from radio observations should be considered as an upper limit for α, which can lead to a lower limit for . Moreover, γ-ray observations of SNRs reveal a spectral softening toward high energies in opposite to predictions of some nonlinear DSA models.
More interestingly, recent observations of RX J1713-3946 imply an energy-independent diffusion coefficient in the shock upstream (H. E. S. S. Collaboration et al. 2018) , which indicates that the particle diffusion may be dominated by turbulent convection (turbulent diffusion : Ptuskin 1988; Bykov & Toptygin 1993) . Zhang et al. (2017) showed that a weak dependence of the diffusion coefficient on the particle energy may also explain anomalous distributions of near-earth CR spectra by considering a timedependent particle acceleration scenario in SNRs. The energyindependent diffusion implies a fast transition between the lowenergy thermal and the high-energy power-law distribution, so that the radio spectral observations can be used to obtain α, and we may introduce an injection rate to characterize the injection process. Although the classical DSA has succeeded in explaining many observational characteristics of SNRs (Helder et al. 2012) , the gradual hardening of radio spectrum with age and the convex γ-ray spectrum remain to be addressed (Reynolds 2008; Dermer & Powale 2013) . Further investigation of the DSA is warranted.
In this work, we shall assume that the relativistic CR distribution reaches the steady-state slope given by Equation (1), i.e., particles in the downstream have a Maxwell distribution at nonrelativistic energies and power-law one with a high-energy cutoff at relativistic energies. For nonlinear DSAs, the actual distribution of relativistic particles should be softer and the α in this paper should be considered as a lower limit. The injection rate for relativistic particles then characterizes the injection process. The high-energy cutoff can partially take into account the time-dependent acceleration effect or nonlinear effect of magnetic field amplification by CRs streaming away from the shock front (Bell 2004) .
The outline of this paper is as follows. In Section 2, we study the dependence of on α. In Section 3, we study the detailed selfconsistent solutions with the assumed particle distribution mentioned above. In Section 4, we give some discussions.
CR ACCELERATION EFFICIENCY
Shock conditions follow the conservation of particle numbers, energies, and momenta across the shock front in the shock frame, where the shock front is at rest. For an ideal fluid we have (Taub 1948) 
where Γ is the Lorentz factor corresponding to the fluid speed u, c is the speed of light, H = ρc 2 + U + P is the relativistic enthalpy density, and
are the rest mass density, the internal energy density, the gas pressure, respectively, and m is the rest mass of particle. These thermodynamic functions are defined in the fluid co-moving frame, as the particle's kinetic energy ε, (magnitude of) momentum p, speed v and phase space distribution function f involved in Equations (5) are all measured in this frame, and f must be approximately isotropic (within the scope of hydrodynamics). The relativistic hydrodynamics reduces to the classical nonrelativistic formulas only if u c and U ρc 2 . From Equations (2) ∼ (4), we have
For the case of nonrelativistic shocks u 1 c, U/ ρc 2 ∼ O (u/c) 2 , one may use the classical nonrelativistic hydrodynamics, and Equations (2), (6) and (7) then reduce to the Rankine-Hugoniot conditions:
We are interested in the global characteristics of the DSA by a one-dimensional planar shock. Then the subscript 1 represents far upstream, where the presence of CR precursor can be neglected, and the subscript 2 represents the homogeneous downstream. The overall shock compression ratio r = ρ 2 /ρ 1 = u 1 /u 2 can be derived from Equations (8) and (9):
where
are the adiabatic index and the shock Mach number, respectively. As can be seen the compression ratio not only depends on the Mach number and the adiabatic index in the upstream, but also depends on the adiabatic index in the downstream, which is determined by the acceleration process. In general, particle escape is not necessary for efficient particle acceleration, which contradicts results of Vink et al. (2010) , where the effect of accelerated particles on the dynamics of the subshock is ignored. If one adopts a free escaping boundary condition of accelerated particles in the upstream, there will be a net flux of accelerated particles in the steady-state, contributions of this flux to conservation Equations (2) ∼ (4) need to be incorporated properly to study the effects of CR escape on the shock compression ratio. Radiative loss and escape of CRs near the shock front can be added to the energy conservation directly (Vink et al. 2010) . For strong shocks with M → ∞, the compression ratio only depends on γ 2 with r = (γ 2 + 1) / (γ 2 − 1). For γ 1 = γ 2 , Equation (11) reduces to the standard formula: 
For a DSA shock, we split the downstream pressure P 2 = P nr + P cr , where subscripts nr and cr indicate the nonrelativistic and the relativistic composition (i.e., the CR composition), respectively. Clearly 4/3 < γ 2 < 5/3 as U nr = 3P nr /2 and U cr = 3P cr , thus
We define the CR acceleration efficiency as the ratio of the downstream CR pressure to the upstream total momentum flux density, then Equations (8), (9), (12) and (14) give
is derived from Equation (11). Obviously γ 2 > 4/3 gives an upper bound of :
The case γ 1 < γ 2 should also be excluded because shocks are expected to produce more relativistic particles in the downstream. As indicated in Section 1, one may use Equation (1) to replace r in Equation (15) with α to obtain correlations between and α. When is high (say greater than 10%), the nonlinear effects imply that the spectral index of accelerated particles should be larger than α. In general, the results depend on the adiabatic index in the upstream γ 1 . For M → ∞,
For
Dependence of on r and α are shown in the left and the middle panel of Figure 1 , respectively, and the right panel shows contours of in the parameter space (α, M). For high values of , α should be treated as a lower limit to spectral index of accelerated particles. As can be seen, increases with the decrease of α for a given M, implying that older SNRs, which usually have harder radio spectra, are inclined to have more efficient acceleration. This is consistent with our two-stage acceleration model for anomalous distribution of Galactic CRs (Zhang et al. 2017 ). Although it is generally accepted that acceleration of highest-energy CRs occurs in the early stage of SNR evolution with higher shock speed (Bell 2004) , the overall energy density of CRs is dominated by GeV CRs for the soft CR spectrum. The two-stage acceleration model predicts that most of the GeV CRs are accelerated in old SNRs interacting with molecular clouds. For a given α or r, also increases with the decrease of M, implying that Equation (18) is a lower limit to .
In particular, we note that α < 3.88 is a sufficient condition for > 10%. One should note that several processes may make the evaluation of with α ambiguous. First of all, radiative loss and escape cooling can enhance the compression ratio, leading to a lower value of α. Moreover, acceleration of pre-existing CRs in the upstream, contributions to radio emission via the bremsstrahlung, Coulomb collision energy loss of sub-GeV particles and stochastic particle acceleration in the downstream may also lead to a harder radio spectrum (Chevalier 1999) . The CR acceleration efficiency obtained above therefore may be an overestimate. On the other hand, if the particle distribution has not reached the steady state or nonlinear DSA plays a significant role, the GeV electron distribution obtained from radio observations should be softer than that given by Equation (1), we expect even more efficient acceleration than derived above, therefore Equation (18) still works as a lower limit in this case. Clarification of these processes are necessary to have an accurate measurement of for individual SNRs.
CONSTRAINT ON THE INJECTION PROCESS
Injection process of nonlinear DSA may be constrained with proper assumptions of the particle distribution in the downstream. Nonlinear DSA theories usually give a concaved spectrum of accelerated particles with the high-energy particle distribution approaching a power law with the index given by Equation (1) (if there are particles that can experience the whole shock structure), we however assume that dramatic concave spectrum occurs only when p < mc. The injection rate of relativistic particles investigated below therefore should be considered as a lower limit. Although the number of relativistic particles can be neglected compared with the nonrelativistic one, the pressure carried by relativistic particles controls the adiabatic index and the acceleration of nonrelativistic particles does not play an important role in the overall shock dynamics. Therefore, we assume the downstream particle distribution to be Maxwellian at nonrelativistic energies and a power law with high-energy cutoff at relativistic energies. Considering Equations (5), we evaluate the equations of state (EOS):
U cr ≈ ηn pm mc p −α cp4πp 2 dp pm mc p −α 4πp 2 dp = ηnmc
where n ≈ ρ 2 /m and T are the particle number density and the thermal energy of the Maxwell distribution, respectively, η ≈ n cr /n is the injection rate for relativistic particles, p m is the maximum momentum of the high-energy tail, and
For strong nonrelativistic shocks, we then have
that can be solved for α to obtain self-consistent solutions. Note that γ 2 is associated with α through its definition in Equations (12) and the EOS indicated above. The system then is determined by T , η and p m , and solutions with u 1 < 0.1c can be treated with nonrelativistic approximations. Clearly, α changes from nonrelativistic 4 to relativistic 7/2 as the gas pressure becomes dominated by relativistic particles. A threshold injection rate η th for such a transition may be derived with P nr = P cr (η th ) and α → 4:
This is equivalent to η th ∝ u 2 1 as indicated by Equation (9), implying that for slower shocks it is relatively easier (i.e., having a lower value of η th ) for the downstream gas to be relativistic with more efficient acceleration, which may explain the hard radio spectra of old SNRs.
Multi-wavelength observations of SNRs indicate that (Helder et al. 2012) T ∼ keV, cp m 10 GeV.
These typical values lead to η th ∼ 10 −6 as indicated by Equation (24), i.e., a threshold of η 10 −6 for the downstream gas to be relativistic.
Based on the typical values given by Equation (25), we plot the dependence of α, u and P on η in Figure 2 . The left panel clearly shows that the threshold η th ∼ 10 −6 for obvious relativistic effects in the downstream. The middle panel shows that η th tends to increase with u 1 . The right panel shows that the downstream transition from nonrelativistic to relativistic indeed occurs near P nr = P cr .
The physical processes determining η are likely to be complicated. In Figure 3 , we plot contours of η in different parameter spaces. The left panel shows again that slower shock tends to have a relativistic downstream gas. It is interesting to note that for given η and p m there exits a minimal shock speed u 0 that can maintain the conservation laws (see also the middle panel). Taking P 2 = P cr and α = 7/2 in Equation (9), we obtain
That is to say, slower shocks tend to have less efficient injection and lower relativistic cutoff, otherwise the slowing down shock speed may hit "the wall of u 0 ". The middle panel of Figure 3 can be divided by the inefficient acceleration line T = 3mu 2 1 /16 into two parts: the lower right indicates efficient acceleration, while the upper left is forbidden for violation of conservation laws. The u 1 -T relation deviates significantly from the dividing line as the acceleration becomes efficient, and u 1 is independent of T for extremely efficient acceleration since P cr does not depend on T for given η and p m . Contours of (defined by Equation (15) with M → ∞) are also shown in this figure, and (15) with M → ∞, and the observational data are given in Table 1 . Kamper & van den Bergh (1978) , c Dickel et al. (1988) , d Green (1990) , e Blair et al. (1999) , f Reynoso & Goss (1999) are independent of p m :
where α is associated with via Eqaution (18). The right panel of Figure 3 shows dependence of on u 1 , which again implies more efficient acceleration of slower shocks. For linear DSA with α → 4, one has
which should be treated as a lower limit to of self-consistent DSA shock as shown in the figure.
Some observations of Balmer-dominated shocks (BDSs) given in Table 1 are shown in Figure 3 . Comparing the left and the middle panel, we find that our model is in good agreement with the Cygnus Loop NE region, therefore we expect the corresponding to be (35 ± 10) % (Equation (18)). For 0509-67.5, 0519-69.0 and Tycho knot g, we conservatively estimate a lower limit of of 7%, 5% and 10%, respectively. For other BDSs with α > 4, since Equation (18) gives < 0, no meaningful lower limit to can be estimated with this simple model for strong shocks, but one may consider a finite M (Equation (11)), a slightly concave nonlinear DSA spectrum (Reynolds & Ellison 1992) , the time-dependent DSA (Zhang et al. 2017) , etc., to address this issue. Other processes which enhance r or reduce α as indicated in the last paragraph of Section 2 may also be important in generalizing the model. More reliable spatially resolved observations for the SNR's radio spectrum are warranted.
Within uncertainties, observational data in the middle panel of Figure 3 show 10% 50% for all BDSs, which is consistent with the SNR origin of Galactic CRs. Then Figure 3 shows that to maintain an of 10% ∼ 50% in different stage of SNR's evolution, η and/or p m need to increase with u 1 implying less efficient injection and/or lower relativistic cutoff in older SNRs. Note that this is consistent with what we have predicted above via Eqaution (26) without considering the observational data.
Recent high resolution observation of BDS shows that shocks of older SNRs appear to have a much thinner precursor than younger SNRs (Katsuda et al. 2016) , we therefore expect more concaved spectra in younger SNRs. More efficient injection is needed for young SNRs to accelerate particle efficiently. On the other hand, it is possible that even young SNRs may dominate the acceleration of CRs beyond 100 GeV, the overall acceleration efficiency is much lower than 10%. Observations of Cas A do indicate a very low acceleration efficiency (Vink et al. 2010) . If the injection rate does not change with the shock speed (above u 0 ), we would expect the overall acceleration efficiency increase rapidly as the shock slows down as shown in the right panel of Figure 3 . However, since observations and theoretical considerations suggest that the maximum energy of the accelerated particles increases with the shock speed, which may shift "the barrier of u 0 " to an even lower value, the dependence of overall acceleration efficiency on the shock speed should be more gradual than that in Figure 3 .
CONCLUSION AND DISCUSSION
Based on the classical Rankine-Hugoniot shock conditions, we study correlations between the CR acceleration efficiency and the power-law spectral index of the downstream nonthermal particle distribution in momentum space produced via DSA with a shock speed much smaller than the speed of light. The value of the spectral index takes the steady-state DSA value for test particles given by Equation (1) as we are interested in the global characteristics of the shock acceleration and ignore structure of the shock precursor for the sake of simplicity. Our model is compatible with most nonlinear DSA models except that the actual spectral index of accelerated particles should be greater than α given by Equation (1).
Our results (Equations (15) ∼ (19)) show an anticorrelation between the acceleration efficiency and the spectral index, which, in combination with the observed radio spectral hardening of old SNRs, suggests that the acceleration efficiency increases gradually as the shock of SNR slows down. We find that escape of CRs from the particle accelerating shocks is not necessary for efficient particle acceleration, which contradicts some nonlinear DSA models (Vink et al. 2010) , where the effect of accelerated particles on the dynamics of subshock is ignored. Although the spectral index of radio emitting electrons may be affected by many processes, the simplest model proposed here shows that a radio spectral index of 0.44 implies a more than 10% acceleration efficiency. For the NE region of Cygnus Loop, an efficiency of (35 ± 10) % is inferred. Detailed modeling of individual SNRs interacting with molecular clouds is necessary to have a better measurement of the acceleration efficiency.
Assuming a Maxwell distribution for nonrelativistic particles plus a power-law distribution with a high-energy cutoff for relativistic particles in the downstream of strong shocks, we find that for typical parameters of SNRs, the relativistic particles injected into the DSA process needs to be more than ∼ 10 −6 times the nonrelativistic thermal particles for highly efficient particle acceleration and this threshold injection rate increases with the shock speed since it is more difficult for relativistic particles to dominate the downstream pressure of higher speed shocks. Most nonlinear DSA models predict a concave spectral shape, the threshold injection rate for relativistic particles to dominate is even higher in these scenarios. On the other hand, if nonrelativistic particle acceleration is dominated by resonances with plasma waves, a convex spectral shape is expected near the particle rest mass energy (Petrosian & Liu 2004 ) and we expect a lower threshold injection rate for efficient particle acceleration.
Our results also show that the injection rate and/or the relativistic cutoff energy need to be low for old SNRs. If the injection rate does not change with the shock speeds, we expect that the acceleration efficiency increases significantly as SNR evolves with its shock slowing down. This acceleration efficiency increase will be less dramatic than that shown in Figure 3 if one takes into account the fact that the maximum energy of accelerated particles increases quickly with the shock speed (Bell 2004) , we therefore expect a gradual increase of the overall acceleration efficiency as SNR evolves. This is consistent with the scenario that Galactic CRs are mostly produced in SNRs, where SNRs not only are powerful enough to sustain the overall CR flux but also can accelerate particles efficiently to the PeV energies. According to our studies, although high-energy Galactic CRs are mostly accelerated in early stage of SNR evolution, the overall acceleration efficiency in these young SNRs can be much less than 10% for the low flux of highenergy CRs. Most of the low-energy CRs are accelerated in old SNRs with harder radio spectra. The corresponding acceleration efficiency should be greater than 10%, consistent with an SNR origin of Galactic CRs (Zhang et al. 2017) . Our results therefore suggest less efficient particle acceleration in younger SNRs with a relatively softer spectrum cutting off at higher energies. The bulk of Galactic CR acceleration occurs in old SNRs with harder spectra and lower cutoff energies. The model can not only explain the gradual hardening of SNR's radio spectrum with age, but also account for the convex γ-ray spectrum and the spectral knee of CRs (Ohira & Ioka 2011) . Recent observations of BDSs also support such a scenario (Katsuda et al. 2016) . More detailed modeling is warranted.
The thermal equilibrium between proton and electron may also not be ignored in general. The temperature T in Section 3 must be interpreted as the proton temperature, thus such proton-electron thermal equilibrium clearly makes T lower for given shock speed and maximum momentum than that in Section 3, or roughly makes the solutions shown in the middle panel of Figure 3 shift downwards slightly, because some of the thermal energies are shared by electrons. The shock geometry and effects of large-scale magnetic fields also need to be considered when applying this model to observations of individual SNRs.
The method of this work can be extended to the relativistic DSA shocks as long as we know exact fomula of the particle spectral index in terms of relativistic up-and downstream fluid speeds (Keshet & Waxman 2005) . With such scenario, we may constrain the DSA in more extreme astrophysical environments, such as pulsar wind nebulae and so on.
